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Helix Lifetimes within the Conformational Transition Region. A
Random Walk Model?

R. L. Jernigan, J. A. Ferretti,* and G. H. Weiss

Physical Sciences Laboratory, Division of Computer Research and Technology, National Institutes
of Health, Bethesda, Maryland 20014. Received March 26, 1973

ABSTRACT: The kinetics of the helix-random-coil intramolecular transition is treated in terms of two times: (1)
At,, the time for formation of a first helix unit from an all-coil molecule and (2) Aty, the time to add another helix
unit to an existing helix region. Interpretation of experimental results implies that Aty is significantly shorter than
Atz. Thus, it is expected that the totally random-coil conformer is longer lived than any other form. Expressions are
presented for the lifetime of any chain unit as helix with given initial positions of the helix-coil boundaries. Numeri-
cal results are given for chains with 150 and fewer units by averaging over all initial positions with a one helix se-

quence partition function using Zimm-Bragg polypeptlde statistical weights. At the transition midpoint no units
exist as helix for longer than 5 X 103 At; in a chain of 150 pepfides. If At; is significantly larger than about 10* At;,
then the configurations may be grouped into two classes: (1) the totally random-coil form and (2) all-helix-contain-
ing conformations. In an experiment at an appropriate frequency, only these two groups would be distinguishable.

Nuclear magnetic resonance?2 and relaxation?® mea-
surements of synthetic polypeptides can be interpreted to
indicate two distinct regions of relaxation times. Rapid
reaction techniques have yielded a short time, which has
been widely associated with the time, Aty, for adding to or
melting one peptide unit from an existing helix sequence.
A much longer time, Atp, is inferred from equilibrium
nmr measurements. From among the variety of interpre-
tations22 of this nmr time, we choose here to identify it as
the time for initial formation of a helical segment (see
Figure 1). The intramolecular helix-random-coil transi-
tion can be completely described in terms of the two
times At; and Ats. If 1/A¢1 is much larger than the fre-
quency of the experimental probe and if 1/Atz is similar
in magnitude to the frequency of the experimental probe,
then configurations which exchange at a rate of 1/A¢; will
be indistinguishable. Thus all helix-containing conformers
are expected to exchange rapidly among themselves. The
possibility remained that some internal residues, because
of their long distance from chain termini, might evidence
long lifetimes. The calculations here indicate this to be
unlikely. We calculate average lifetimes for each chain
unit to remain in the « helix conformation. The results
are used in the following paper3 to aid in the interpreta-
tion of the nmr spectra.

Random Walk Model of the Helix-Coil Transition

Conformational transitions in linear polymers, in which
each unit can exist in several states, can be modeled in
terms of one-dimensional random walks. This idea was
suggested by Flory* and has been applied recently by Mil-
lerS to treat the present problem. The helix-random-coil
transition in polypeptides is particularly suitable for such
treatment. Under equilibrium melting conditions, the
polypeptide will consist of only a few long sections of helix
or sections of random-coil units. In terms of a random
walk model, the locations of the walkers represent the po-
sitions of junctions between helical and coil sequences.
Thus, treatment of a long-chain polypeptide with r dis-
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tinct internal helical regions would require 2r random
walkers. Solution of this problem for r > 1 is difficult,
even if r were constant throughout the process. Under
conditions where multiple helical segments are permitted,
the number of helical regions in a very long melting chain
would change during the transition. Throughout much of
the normal experimental range, it is sufficient to consider
only one helical region restricted to the interior of the
chain.® The present model takes account of only one
helical segment.

The mean lifetimes of each unit as helix are related to
the equilibrium nmr spectra. Individual conformers or
groups of conformers will appear in separate nmr peaks
only if rates for transitions to other conformations are slow
(ca. <102 sec—1). Here, we have calculated mean life-
times, as helix, for each unit in the chain.

Our treatment for two random walkers proceeds from
probabilities derived for one random walker. This walker
is restricted to a finite range between a reflecting barrier
at 0 and an absorbing barrier at i. Absorption corresponds
to the transition for the ith peptide unit from helix to coil.
The reflection point corresponds to the end of the poly-
mer.

In order to treat a chain of n monomers with one inter-
nal helix region, it is necessary to combine the results for
two such random walks with respective lengths, i and n —
i + 1. If p;(t) denotes the probability of the walker being
at position j at time t, and forward and backward rates
are given by kr and &y, then the following set of differen-
tial equations describes the random walk

dpo/dt = —kpy + kyp,y
—(ky + ks + Ropjuy + kb
for 1<j<i~1
dp ;. /At =kepig— (ko t kel (1)
dp,/dt = k:p

The first of eq 1 corresponds to complete reflection, and
the last corresponds to absorption. Substitution of

pit) = a” /% expl-(k, + ko)t In; (2)
(for 0 =< j <{)
t = 1/(2VEkyk,)
o =ky/k;

(6) D. Poland and H. A. Scheraga, “Theory of Helix-Coil Transitions in
Biopolymers,” Academic Press, New York, N. Y., 1970.

dp,/dt =



Vol. 6, No. 5, September-October 1973

k
«»ccihhhh-- T --ccchhhh--

b

processes identified with the time A7,
— «s:cchhhce -

process identified with the time Az,

secececee:

Figure 1. Conformational transitions assomated with experimental
times. Model rates k¢ and ky, are also indicated.

into the first i (eq 1) results in the set of equations
2dn/dT = A (3)
where 7 is an [ element column vector and A is the square

array

o s
1

[

1
01
A= .
01
10

L

The eigenvalues of A are given by cos s, where the 65 are
solutions to the following equation

sin 0/ (Va — cos 6,) (4a)

If («)*/2 > 1 + 1/i, then there will be one imaginary solu-
tion, which is found by solving
tanh 6, = sinh 6,/(Va — cosh 6;)  (4b)

Thus, if («)1/2 > 1 + 1/i, then one solution will come
from eq 4b and i — 1 from eq 4a; otherwise eq 4a will fur-
nish all i solutions. Note that / in these equations is the
chain index and not (—1)1/2, Numerical solutions to these
equations can be obtained straightforwardly. The desired
probabilities are found to be

b= a2 expl-r(Va + Vi/a)/2] X

Zs)(us)m(us)j eXp(XST/Z) (5)

in which A, and u, are the eigenvalues and eigenvectors of
the matrix A. Expressed in terms of solutions to eq 4, this
result becomes

p;= a2 expl-7(Va + v1/a)/2] x

A,™! sinh i6, sinh mé, exp(cosh 6,7) +
0 1h 26, 0

tan 6, =

1
QAS" sin 76, sin m, exp(cos 0,7} (57)

If (a)1/2 < 1 + 1/i, then the first term disappears and the
sum assumes a lower index of 0. The coefficients are given
by

Ay =1i/2 —cosh (i + 1)6, sinh i6,/2 sinh ¢,
and .
Ag=1i/2 + Y, —sin (2 + 1)6,/(4 sin 6,)

The probability density for absorption, from eq 1 and 5,
is given by

fi,m(t)

I

dp /Al = kyp; 4
kfa(rml-i) /2 E(us)m(us)i-i exp (v t) (6)
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where
v = VEki(A, ~Va —V1/a)

The probability of absorption at time t or later is there-
fore

Fynlt) = kea™i9/2 (), (), 4(v") explvd)
(1)

This result is valid for one walker with initial position m
on a walk of length i. If the probability of absorption for
the walker on the other side of the helical region is given
by Gn-it1.n-m'(t) with an initial position m’ on a walk of
length n — i + 1, then the mean time until absorption for
fixed initial conditions, or the lifetime of unit { as helix, is
Tnimm’ = ./;] Fi,m(t)Gn-iH,n-m’(t)dt

By using this method of combining two random walks, we
assume them to act independently of one another. The
spatial domains of the two walks overlap only at the ith
unit. Substitution from eq 7 yields

T,

E (uy) o1 (8)

This is a general result for the lifetime of unit ¢ as helix in
a chain of length n with the two initial positions of the
helix—coil boundaries at m and m’.

The result in eq 8 must be averaged over all initial con-
formations. If the all random coil conformation is elimi-
nated and the conventional Zimm-Braggé:7 statistical
weights are used, then the partition function is given by

— ku a(m+m'+1-n) /ZX

m(W) (g )y (@ g),

s+ viowy’

n-1 n

Z=02 2 .s™™m (9)

m=0 m’=m+1

where ¢ and s represent the statistical weights for initia-
tion and propagation of helix. Since the all-coil conforma-
tion has been excluded, at least unit { is required to be
initially in a helical state. Combination of eq 8 and 9
yields the required average

(T, =202 s™ T i (10)
m,m’

We have expressed the transition rates simply in terms
of the helix propagation weight s as kr = 1/(1 + s) and kyp
= s/(1 + s). In the absence of detailed kinetic information
this is a simple definition and clearly produces the correct
ratio kp/ks. Thus it is found that « = s. Equation 10 has
been utilized to calculate the average lifetimes of units in
polypeptide chains of various lengths up to 150 units. This
method is limited computationally because the sums in eq
10 must be performed over all possible initial positions of
the walkers. The eigenvalues and eigenvectors of all arrays
A of order <n are required in order to evaluate the sums
ineq 8.

Results

The one-helix sequence partition function utilized for
the present purpose is given by Z’ = Z + 1, where Z is
given by eq 9. The values of s at the transition midpoint
(fraction of helix units equal 0.5) are found to lie in the
range (s)1/2 > 1+ 1/1.

In Figure 2, the curve for i = n/2 represents the longest
lifetimes of units in chains of various lengths calculated at
values of s corresponding to the transition midpoints. The

(7) B.H. Zimm and J. K. Bragg, J. Chem. Phys., 31, 526 (1959).
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Figure 2. Terminal, i = 1, and central, i = n/2, helix unit lifetimes
at transition midpoints for chains of n units. The partition function
Z’ was used to determine s at the transition midpoint. A value of ¢
= 10-¢ was chosen. Ordinate axis on the left is for the terminal
unit; axis on the right corresponds to the central unit.
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Figure 3. Scaled distributions of lifetimes of helix for all units in
chains of various lengths.

ordinate axis scale for this curve is on the right side of the
figure. A value®.7 of ¢ = 10-% has been used throughout.
The other curve for i = 1 shows the average lifetime of the
terminal chain unit. Its ordinate axis scale is on the left.
The value of the step time At; has not been specified
here. The longest time for the middle unit of a 150-unit
chain was found to be 5 X 103 Aty. If Aty is of order of
10-8 sec or less, then lifetimes of all units as helix in
chains of even several hundred monomers will be short
compared to the nmr observed long time of ca. 10-2
sec.2a.3

In Figure 3 the distributions of helix lifetimes over
chain positions are presented. The axes have been nor-
malized in the following manner

<T/m'> = (<TM> - <Tn1>)/(<Tn,n/2> - <Tn1>)

andi’ = (i~ 1)/(n/2 - 1).

The distributions become significantly broader for long-
er chains but appear to be converging rapidly to a limiting
form within the range of n presented.

The assumption of only one helix region is valid for
chains of the size treated here. It is expected® to be valid
for n < 2/(g)1/2, Miller® treated also the case with two

Macromolecules

helix regions and concluded that the one-sequence model
gives good estimates of lifetimes within the transition re-
gion.

Miller's method for calculating helix lifetimes differs
from ours in one important regard. He considered two in-
dependent random walks of semiinfinite range. In our
method the ranges of walks are finite, with the chain end
demarcated by a reflecting barrier. The present method
permits the determination of the error introduced by Mil-
ler’s approximation. For chains of lengths considered here,
n < 150, this approximation has two effects. (1) Helix life-
times at the chain ends are inaccurate whereas those in
the middle of the chain are nearly identical, for values of s
at the transition midpoint or above. (2) All lifetimes are
less accurate as s approaches unity; for Miller's model
lifetimes at s = 1 become infinite. The first effect occurs
in Miller’s approximation because the absence of reflect-
ing barriers most strongly influences the closest units. De-
viations of the second type arise because the bias of the
walker toward the chain end decreases as s approaches
one.® As an example, consider a 12-unit chain for which
the transition midpoint is at s = 2.0. Both meth-
ods give a helix lifetime (Ti2,6)/At1 for the two
middle units as 2.3 X 102; however for the first unit our
method gives (T12.1)/At; as 3.0, but Miller’'s method
vields 6.0. At s = 1.4 the differences are larger, our values
are (T12.6>/A2'1 = 54 X 10 and <T12.1)/'At1 = 2.4 and
Miller’s results are (Tq2,6)/At1 = 7.5 X 10 and (T12.1)/
Aty = 7.8. At the transition midpoint even midchain life-
times for Miller’s model deviate appreciably from ours for
long chains. For n < 150 our calculations agree to suffi-
cient accuracy with Miller’s results at the transition mid-
point for the lifetime of the middle chain unit. However,
if lifetimes of other units or for other points in the transi-
tion were required, his method would not suffice.

Much longer lifetimes are calculated® at values of s far
away from the transition midpoint. These agree with Mil-
ler’s result; however, here we have presented only the re-
sults at the transition midpoints. Dimensionless lifetimes
presented here are independent of the times Aty. The only
parameters entering the calculations are ¢ and s. How-
ever, establishment of a connection with real time re-
quires specification of At;. From particular® interpreta-
tions of experiments we would expect values of At; to be
10-5-10-8 and Aty to be about 10-2., These interpreta-
tions have not been proven.3 Physically, one might expect
the rate of helix initiation to be faster than 102 sec—1.

The fraction of molecules in the all-random-coil confor-
mation will decrease with increasing chain length; conse-
quently nmr observation of a separate random-coil peak
should become more difficult for longer chains. The de-
gree of polymerization below which this peak is distin-
guishable will depend upon the conformational statistics
and the experimental nmr parameters. If the two nmr
peaks arise for a reason other than that favored here, the
effect of a slow helix initiation step should still be evident
in other experiments at frequencies perhaps somewhat
different from the nmr experiments. Direct measurement
of Ats should be possible for shorter chains in which a sig-
nificant fraction of molecules exist in the all-random-coil
form. If Aty is as long as we expect, it should be feasible
to design an experiment to determine this time by con-
ventional fast reaction methods.

More information is available concerning polypeptide
conformations®1° than has been utilized in either the
Zimm-Bragg model or the simple kinetic scheme present-

(8) W. Feller, “An Introduction To Probability Theory and Its Applica-
tions,” Vol. 1, 3rd ed, Wiley, New York, N. Y., 1950.
(9) R.L.Jernigan and J. A. Ferretti, unpublished data.
(10) P. J. Flory, *“‘Statistical Mechanics of Chain Molecules,” Interscience
Publishers, New York, N. Y., 1969.



Vol. 6, No. 5, September-October 1973

ed here. For example, knowledge of the variety of random-
coil configurations indicates that a better theory should
include multiple random-coil states and rates for transi-
tions among them. A general kinetic description of helix-
. random-coil transitions for an isolated polypeptide is not
available. Any general formulation must also include the
slower rate for initiation of helix in a random-coil region
and perhaps the rate for the process of initiation of coil
within a helix sequence.

We conclude that no long-lived helix-containing config-
urations are likely to exist, at least not for polypeptides
comprising less than a few hundred residues. Existence of
multiple helix regions will shorten average lifetimes; thus,
lifetimes calculated for long chains with one helix se-
quence would serve as an upper bound for helix lifetimes
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in all longer chains in which multiple helix regions are
important. The distinction between transitions occurring
in two regions of time does, however, permit simple con-
clusions to be drawn. By nmr, a long transition time, as in
the transformation of the all-random-coil conformation to
any helix-containing conformation, is independent of the
short times characteristic of the transitions of all confor-
mations containing helix. Lifetimes of the order of Aty
represent rapidly exchanging species; whereas Atp corre-
sponds to slow exchange on the nmr time scale. Qualita-
tively we would expect two nmr peaks, one for the long-
lived totally random-coil conformation and another which
arises collectively from all other short-lived, helix-contain-
ing, conformations. These conclusions are in agreement
with the experimental results.2a.3

Conformational Lifetimes in the Helix-Random-Coil Transition
Region by Nuclear Magnetic Resonance with Application to
Poly(vy-benzyl L-glutamate)?
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ABSTRACT: Nuclear magnetic resonance spectra of three poly(y-benzy! L-glutamate) samples of DPy, of 55,280
and 910 have been studied in the helix-random-coil transition region. Double peaks whose behavior is chain-
length dependent are observed for the a-CH proton resonance. A two-site model for systems undergoing chemical
exchange is used to obtain lifetimes and to fit the behavior of the two peaks throughout the transition region.
These results are in good agreement with theoretical spectra calculated on the basis of a description of the time-

dependent behavior of the transition.

High-resolution nuclear magnetic resonance (nmr) spec-
troscopy is often used to study the helix-random-coil
transition in synthetic polypeptides.22.2.3 In a number of
examples such as poly(y-benzyl L-glutamate,* poly(r-ala-
nine,3 and poly(L-arginine),® the «-CH and peptide NH
protons each show two peaks in the transition region. The
detailed behavior of these separate peaks depends on the
polypeptide, solvent conditions, and the chain length of
the polymer. A variety of explanations have been suggest-
ed for this observation of separate peaks. J. H. Bradbury
et al.” and Tam and Klotz® considered slow protonation of
amide residues; Scheraga et al.® proposed slow solvation;
Nagayama and Wadal®, E. M. Bradbury et al.,1* and Ull-
mani? suggest that polydispersity together with a varia-
tion in helicity as a function of monomer placement is the
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cause of the separate peaks. Goodman et al.l® indicate
that the double peaks arise from the presence of low molec-
ular weight polypeptide oligomers. Previous investigations
in our laboratory have led us instead to conclude that
the two peaks are a result of slow nucleation of helix from
randomly coiled peptide units,1#.15

The observation of two separate nmr peaks for a given
proton implies that only two conformations or two groups
of conformations exist for times as long or longer than
10-3-10-1 sec;18 all other exchanges occur more rapidly.
This slow rate determined by nmr differs from relaxation
times measured by other techniques. Kinetic measure-
ments such as temperature jump and ultrasonic relaxation
techniques utilized in the transition region yield times in
the range 10-5-10-8 sec.17-19 Theoretical investigations
have been presented,4.15.20 one in the previous paper,13
to explain the kinetic and nmr experiments. These models
of the transition demonstrate that the observation of two
different time scales is not an inconsistency. In terms of
these theories the experimentally measured fast times are
related to the time for adding to or melting one helix unit
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